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Abstract 

We discuss the role of the dilaton tadpole in the holographic description of 
non-supersymmetric gauge theories that are conformal in the planar limit. On the 
string theory side, the presence of the dilaton tadpole modifies the AdS background 
inducing a logarithmic running for the radius and the dilaton. Using the holographic 
prescription we compute the Wilson loop on the gravity side and find a smooth 
interpolating potential between asymptotic freedom and confinement, as expected 
from field theory. 
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1. Introduction 



The AdS / CFT correspondence has improved considerably our understanding of strongly 
coupled large N gauge theories showing that the natural description of 4d theories 
in this regime is in terms of 5d gravity, where the extra dimension is related to the 4d 
energy scale. So far, strong evidence for the validity of the conjecture has come from the 
description of M = 4 SYM in terms of IIB supergravity, while limited efforts have been 
devoted to the holographic description of non-supersymmetric non-conformal field theo- 
ries. Moreover, the few examples analyzed were mostly based on the tachyonic (oriented) 
OB string |3[], where the presence of the tachyon complicates the gravity description 
J|, H and leads to instabilities in the dual strongly coupled field theory || . 

The first attempt to find a non-tachyonic holographic description of non-supersymmetric 
gauge theories was recently made in 0. The analysis was still performed within the frame- 
work of OB strings, but resorting to a particular orientifold projection || to eliminate the 
tachyon from the bulk and to avoid problems with the doubling of R-R sectors. Actually, 
the gauge theories that naturally emerge from (orientifolds of) type models have the 
peculiar property of becoming conformal in the planar limit, and therefore several results 
can be mutuated from J\f = 4 || |7]]. In particular, the leading (planar) geometry is known 
to be of the form AdS§ x X 5 with a constant dilaton field. For finite N, however, the gauge 
theory is no longer conformal and new features are expected in the gravity description. 
Indeed, a general property of non-supersymmetric theories seems to be the presence of a 
non- vanishing dilaton tadpole at genus one-half |HJ. On the other hand, supersymmetry 



relates R-R tadpoles to NS-NS ones, and thus demanding neutral configurations of orien- 
tifold planes and D-branes automatically ensures the vanishing of all massless tadpoles. 
However, whenever supersymmetry is not present one can find configurations for which 
the R-R and NS-NS tadpole conditions are incompatible || [10], [11]]. While uncanceled 
R-R tadpoles manifest themselves in pathologies of the string theory [JEJ , NS-NS tadpoles 
are less problematic. They correspond to potential terms in the low-energy action and 
their main effect is to modify the vacuum. In our case this is precisely what one needs! 
Indeed, studying D3 branes in non-tachyonic orientifolds of type OB (with O'7-planes and 
D7-branes, where a prime indicates the non-tachyonic involution) we showed explicitly 
@ how a genus one-half dilaton tadpole in the bulk theory does reproduce qualitatively 
and quantitatively the expected logarithmic gauge theory RG flow. (Recently, a loga- 
rithmic running of the gauge coupling was also found in the gravitational description of 
J\f = 2 SU(iV) x SU(iV + M) gauge theory |R|. See related discussion on dilaton-induced 
RG flow in 0.) 

The purpose of this letter is to pursue this program further, studying the back-reaction 
on the metric induced by the presence of a dilaton tadpole. In particular, we compute the 
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Wilson loop in string theory and find a quark anti-quark potential interpolating between 
a (logarithmically running) Coulomb phase and a confining phase in the IR, as expected 
from the field theory analysis. To the best of our knowledge, the interpolating solution 
that we find is the only known example in which a single solution describes the expected 
behavior in the entire energy regime. Although our analysis is quite general and applies 
to a vast class of non-supersymmetric non-conformal theories for which a non-vanishing 
dilaton tadpole is expected to develop fllQl , the simplest model one may conceive origi- 
nates from D3-branes and O'3-planes in type OB. In the large N limit the near horizon 
geometry is AdS b x RP 5 OT, where RP 5 = S 5 /Z 2 , with Z 2 the non-tachyonic involution 



H associated to 0'3. Since the Z 2 acts freely on S 5 , no open sector is present in the 
bulk and the spectrum of the model consists of all the Z 2 -invariant harmonics of the OB 
fields. In particular, the tachyon is projected out. Moreover, since two-cycles of MP 5 
are unorientable, as for instance MP 2 C RP 5 , new interactions in the low-energy action 
are expected to originate from unoriented world-sheet topologies. These are weighted by 
generic (not only even) powers of the dilaton, and in particular a dilaton tadpole can be 
generated. Unfortunately, an explicit computation of one-point amplitudes for the dilaton 
in the curved AdS§ x MP 5 geometry seems out of reach within the actual (perturbative) 
definition of string theory, although such a term is expected from the above arguments, 
from our experience with non-supersymmetric theories, and from the results we are going 
to present here. 

The organization of this letter is as follows: in section 2 we introduce the class of field 
theories we want to study, and present an explicit example from (unoriented) D-branes 
in the OB string. In section 3 we turn to the gravity description and find an explicit 
solution for the dilaton and the metric up to next-to- leading order in 1/N expansion. In 
section 4 we extract the holographic quark anti-quark potential and compare it with the 
field theory analysis of section 2. Finally, section 5 contains our final comments about 
the validity of the gravity description. 



2. Field theory considerations 

One of the most remarkable results in field theory is the running of coupling constants 

_ = -fj(a) , (1) 

d log it 

where at (it) = <7ym( m )-^ * s the 't Hooft coupling. The precise expression of the beta- 
function is model dependent and encodes the quantum corrections to the classical behavior 
a(u) = ojo- Whenever a quantum theory does not depend on any scale and thus is exactly 
conformally invariant, as for instance M = 4 SYM, (3(a) vanishes identically and the 
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coupling constants take their classical values for all energy scales. Combining these two 
arguments, it is then evident that theories that are conformally invariant in the planar 
limit are governed by a RG equation 

da(u) 1 „ , . 1 „ , . 

so that one recovers the expected a(u) = «o result for N — > oo. Here, (3i(a) do not 
represent the i th -loop contribution to the RG equation. Rather, they encode all the 
contributions at a given order in 1/N. 

To be concrete, the simplest prototype one can conceive is an SU(iV) gauge theory with 
six real scalars in the adjoint and 4 Weyl spinors in the antisymmetric and antisymmetric- 
conjugate representations, arising from the non-tachyonic orientifold projection on type 
OB D3 branes |8], |TT|. This theory was shown to converge to the SU(iV) Af = 4 SYM 
in the planar limit [J/], and to have a one-loop beta-function suppressed by 1/N (with 
b\ — and a two-loop beta-function contributing both to Pi(a) and /3 2 (a) in (pj) ||. 

One can extract some interesting results from the RG equation (0). Since in (0) there 
is a natural small parameter, 1/N, it is natural to solve this equation by iterations 

a(u) = a + —at + ... . (3) 

The solution 

a(u) =a - —Pi(a ) \ogu (4) 
that, to this order, can be equivalently written as 

i i 1AM, 

a{u) «o N a$ 
leads then to a quark anti-quark potential 

E ( L ) = ^ = r^i — . (6) 

as expected for asymptotically free theories. Actually, since for large N the beta-function 
varies slowly, the logarithmic behavior (|5]) persists beyond the perturbative regime, up to 
energy scales such that -l ^" ) l Q g u <^ 1. Note that the expansion is not valid in the 
(extreme) IR. 

The description of the (non-perturbative) IR regime is less straightforward. Although 
for the specific model we introduced previously the scalars do not acquire a potential at 
the one-loop level || 0, in general one would not expect to find a moduli space of vacua for 
non-supersymmetric theories. Thus, a potential for the scalars should develop: the scalars 
might become massive, or tachyonic, and might also acquire a non-vanishing vacuum 
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expectation value. Although the specific shape of the potential is model dependent, in 
the following we shall assume that the scalars become massive without acquiring any vev. 
As we shall see, the string theory description supports this assumption. 

Once the massive scalars decouple, the IR degrees of freedom will consist of Yang- 
Mills theory with four massless spinors (a QCD like theory), and a confining potential is 
expected 

E(L) = oL , (7) 

where a = Aq CD is the QCD string tension. For pure (large N) Yang-Mills theory one 
expects a constant (finite) string tension cr . In the present case, however, one expects a 
different behavior. Since the theories we are describing are conformal in the planar limit, 
the string tension should to vanish accordingly. To estimate the N dependence of the 
string tension, one can integrate the RG equation (Q) from an arbitrary weak coupling 
scale (~ Uq in the UV) to a strong coupling one (~ Aqcd) : 

AT C da 

Aqcd = u e N J 3H=3 , (8) 
that translates into an exponentially suppressed string tension 

a ~ e~ N . (9) 



3. The gravity solution 



We now turn to a dual gravitational description of the gauge theories introduced in 
the previous section, in the spirit of the AdS/CFT correspondence 0. As discussed in 0, 
the dual gravity description involves the ten-dimensional metric, the dilaton and the R-R 
four- form potential (with self-dual field strength), whose dynamics is essentially encoded 
in the actionP] 

' ' '"' - 2 *(R + 4d p Qd p Q) + -^Cc- 



S 



{a: 



d l0 x. 



a' 



or in its equations of motion 



-2* 



e " (8(V$) 2 - 8V 2 $ - 2R 
" 2 * {R^ + 2V^ u §) + \g^Ce-* > 



Ce 



. 



(10) 

(11) 
(12) 



The term Ce - * = C g' 1 corresponds to the dilaton tadpole expected from half-genus 
in string perturbation theory. Although the direct computation of this term is difficult, 
there are plausible arguments in favor of its presence, as discussed in the introduction. 



3 To be more precise one should use the PST action [p_ 6| , since we are dealing with a self-dual 5-form 



F 5 . 
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In the spirit of AdS/CFT correspondence, we make for the metric the ansatz 

ds 2 = a' (dr 2 + e 2X{r) r] ab dx a dx b + e^dnfj , (13) 

compatible with four- dimensional Poincare invariance and SU(4) flavor symmetry. More- 
over, the five-form field strength has N — | units of flux induced by the iV D3 branes and 
the 0'3 plane. In the following we shall ignore the contribution of the orientifold plane, 
manifestly suppressed in the presence of a large number of branes. 

Inserting the above ansatz in the eqs. ( PD and (0) and allowing for a r dependence 
of the various fields one obtains 



2$ - 4A - 5i> - 4A 2 


-5z> 2 


+ 


\N 2 e 2 *- 


-lQv 






= o, 


(14) 


A - (2$ - 4A - 


-5z>)A 




\N 2 e 2q, ~ 


-lOu 


+ 


\Ce* 


= o, 


(15) 


v- (2$ - 4A - 5z>)z> - 


Ae~ 2v 


+ 


\N 2 e 2q, ~ 


-VOv 


+ 




= o, 


(16) 



-12A 2 - 20z> 2 - 4$ 2 + 20$z> + 16$A - 40Az> 

+20e~ 2u - N 2 e 2 *- Wu + Ce* = . (17) 

As usual in General Relativity, the rr component (|T7|) of Einstein's equations is not inde- 
pendent, and translates into a vanishing energy constraint for the associated mechanical 
system. 

In order to better appreciate the role of the different contributions in the low-energy 
action, it is useful to redefine $ — > $ — log iV , in order that e* be directly related to the 



't Hooft coupling. The (independent) field equations then read 

C 

2$ _ 4$ 2 + 8$A + 10$z> + 3— e* = 0, (18) 
A-(2$-4A-5z>)A-ie 2 *- 10l - + i^e* = 0, (19) 
v- (2$-4A-5z>)z>-4e- 2 " + ie 2 *- 10l ' + i§e* = 0. (20) 



From these one can neatly understand the role of the dilaton tadpole: it represents a 
1/N correction to the leading type IIB supergravity equations, and thus induces 1/N 
corrections to the AdS$ x MP 5 leading geometry, in agreement with field theory expec- 
tations. Moreover, 1/N is a natural small parameter in the theory and suggests to solve 
the equations by iterations 

$(r) = $ (r) + i$ 1 (r) + ... , (21) 
A(r) = Ao(r) + ^Ai(r) + ... , (22) 
u(t) = ^( r ) + l^(r) + ... . (23) 
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The leading order equations 

2$ - 4$ 2 + 8$ A + 10$ z>o = , (24) 

Ao-(2$o-4Ao-5z>o)Ao-ie 2<I> »- 10 ^ = 0, (25) 

i>o-(2<i'o-4Ao-5z>o)z>o-4 e -^ + ie 2<I>0 - 10 ^ = 0, (26) 

independent of the dilaton tadpole, are consistently solved by the expected (leading) 
AdS 5 x MP 5 geometry 

$o = <p , 
A = 

u = -|log8+ \<p . 
The next-to-leading order equations then reduce to 

$i + 4v^8e _ i v '$i + |Ce v = 
Ai + \/8Vi^ (-2$i + 8Ai + 5z>i) - 8 v^e - ^ ($i - 5^) + \Ce* = 
h + 4 v^e - ^ z>! + 8 v^e"^^ - 5i/i) + ±Ce v = 

and are solved by 



e 4^r , 



(27) 
(28) 
(29) 

(30) 
(31) 
(32) 



8 V8 



256 V8 



Cel^r , (33) 

(34) 

In principle one should also consider the higher order iterations. However, we shall stop 
here since in the low energy action we are already neglecting contributions of higher order 
in 1/N, as for example a cosmo logical constant. 

Collecting the various contributions, one finds the following expressions for the dilaton 



$ = ( «_3 1 £ e iv r 



(36) 



and for the metric tensor 



1 



a' 



ds 2 



dr 2 + exp 
+ exp 



1 H 

-TV i 3 V 2 

32 N 



r] a bdx a dx 



^5 , 



(37) 



It is not hard to realize that the introduction of a dilaton tadpole results into a running 
dilaton and running radii for the AdS 5 and MP 5 spaces. This can be better appreciated 
if one parametrizes the metric as 



1 



a' 



ds 2 



u 



R 2 (u) 
6 



rj ab dx a dx b + R 2 (u)dn 2 5 , 



(38) 



in terms of the energy scale 



u = 



I 



e A(T) dr , 



(39) 



with the radii 



R(u) 



R{u) = e 



v(t(u)) 



(40) 



Collecting our previous results, 



dlogu 
we find 




If ^ log 2 ^ 



) 



(41) 



(42) 



(43) 



(44) 



At this point, before we interpret these results, various comments are in order. First, 
in the above expressions we are repeatedly ignoring 1/N 2 sub- leading terms. Moreover, 
the value of can not be interpreted any longer as the 't Hooft coupling, since now the 



that for our model C is positive and then singularity presents itself for logw < 0). This, 
however, is not the case. The singularities are at points beyond the validity of the 1/N 
approximation and are an artifact of our choice of coordinates. Note, in fact, that the 
metric ([37]) is well defined for every energy scale. Finally, contrary to the familiar M = 4 
super-conformal case the radii R and R have now different values. This is expected since 
at order 1/N the dilaton tadpole behaves like an effective cosmological constant, and 
therefore (at that order) the overall curvature of the ten-dimensional space is no longer 
vanishing. 

We can now turn to the interpretation of eqs. fl42|) and ((44|), in the spirit of AdS/CFT 
correspondence. The behavior of the dilaton is consistent with the fact that, in the 
dual gauge theory, no longer conformal, the coupling constant is expected to run. More 
precisely, once the dilaton is identified with the 't Hooft coupling, e*^ ~ a(u), eq. (|44l) 
reproduces precisely the logarithmic behavior (|5|) expected from the gauge theory side, as 
already shown in |7[] . Moreover, in the large N limit the running of the coupling constant is 
suppressed, in agreement with the fact that in this limit the theory is conformal. Following 
0, it would be interesting to compute also in this case the numerical value of the dilaton 
tadpole C and compare it with the one- loop beta-function coefficient &i = y . To this end, 
however, one should compute the contributions from closed strings in the AdS§ x MP 5 



field theory is not conformal and the gauge coupling runs. In addition, from eqs. fl4"2"| ) and 
(^3|) one might argue that R and R develop singularities at some point in the IR (notice 
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background with unoriented world-sheet wrapping the RP 5 . Unfortunately, computations 
in genuinely curved backgrounds are still an open problem in string perturbation theory. 



Following [18|] the running of the AdS radius plays a natural role in the computation 
of the quark anti-quark potential, the subject of the next section. 

4. The Wilson loop 

We can now use the "running" AdS$ x MP 5 geometry to compute the quark anti-quark 
potential using the holographic Wilson loop (see flTj for a recent review). In fll9| , |18|| it 



was suggested that a natural description of the Wilson loop in terms of gravity is 

(W(C)) ~ e~ s , (45) 
where, in the limit of large 't Hooft coupling, S is the proper area of a string world-sheet 

S= 2^I dTda \/ det 9^d a X^X- (46) 

describing the loop C on the boundary of AdS. The quark anti-quark potential can then 
be extracted choosing the standard rectangular loop with sides L and T, with T — > oo. 

Using the parametrization (|38|) for the metric g^ u , the Nambu-Goto action reads 

S/T = E = J dx^J(d x u) 2 + u^/R^u) , (47) 



and thus the quark anti-quark separation and the interaction energy are |T 

r f d y 



U J y2jyi-R4/R4(y U 



(48 



0J 



E~uJ IM (49) 

1 vV - RVR l (yu„) 



and 



with Rq = R(uo). 

If the energy uo is within the range of validity of the expansion, -^loguo <C 1, the 
ratio Rq/ R^iyuo) can be approximated by 

Rp l + |f eMog^p 3C 

7^17 V ~ -> — i ~ 1 + i^e^logy . (50) 

R 4 {yu ) l + |fe^logM 8N 

Thus, one has 

R 2 

L ~ — , and E ~ uq , (51) 
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and the potential 

Bl RHl/L) 

can be expressed in terms of the running AdS radius, similarly to ||. 

Eq. (|2|) reproduces precisely the behavior expected from the gauge theory side: at 
finite N the Coulomb phase is characterized by a quark anti-quark potential (^) with a 
(logarithmically) running gauge coupling. The fact that the two prescriptions, the dilaton 
running 

L L L l-jj^lcgi) 



and the Wilson loop Q52D, yield similar results (in contrast to tachyonic type models 
||, [|) is encouraging, although different powers of e v are still involved in the two cases. 
Note that fl53|) is a perturbative prescription in contrast to (|52f) that should, a priori, be 
applicable to the non-perturbative regime. 

Finally, let us describe the IR behavior of the gauge theory. To this end, it is simpler 
to work with the metric in the form (|37|) . The quark anti-quark energy is then 



E = J dx\Je x ^){d x T) 2 + e 2X ^) , (54) 

and, since 

A(r) = ar + ^r 2 , (55) 
with a and f3 positive constants, e A has a minimum at r min = —aN/2fl, that corresponds 



to the IR, implying a confining long distance potential |20] 

E ~ e Amin L = aL . (56) 

The reason behind this result is rather simple to understand. For large enough separation, 
the string will prefer to stay at the minimum of A, thus minimizing the action (53). 



Therefore the energy will be simply proportional to the separation on the AdS boundary. 
Moreover, the QCD string tension (measured in units of 1/a') pCfl 



cr = expA min = exp (-^- ) = exp ( -f ^8 e"^ C' 1 N ) (57) 



4/? 

is exponentially suppressed with N, in agreement with field theory analysis @. 
5. Comments 

In conclusion, let us make a few comments about the validity of the holographic de- 
scription that we have just presented. The holographic conjecture relates 4d strongly 
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coupled gauge theories to 5d (super)gravity, and is thus valid, in principle, only within a 
certain range of energies. Moreover, the procedure of solving the gravitational equations 
by iterations further restricts the solution. First, we are taking into account only the 
next-to-leading contribution associated to the dilaton tadpole (a 1/N effect), and there- 
fore we need N ^> 1 to be sure that higher order string loops be negligible. Moreover, 
the procedure of solving the differential equations by iterations is valid only when the 

3 

expansion parameter is small. Since the expansion parameter is e = -^ea^logw, the solu- 
tion is valid only in some regions of the (u , N) space. Note, however, that for any given 

1 

energy u and initial AdS radius e?^, it is always possible to find an N such that e is small, 

compatibly with the previous requirement. Finally, the curvature of the space should be 

small enough to allow one to trust classical gravity and to neglect a' corrections. Once 

l 

the previous requirements are met, this last constraint simply translates into large e^, 
as in the M = 4 case. 

Let us now see whether our solution meets these requirements. It is not hard to see 
that large and small expansion parameter e translate into large 't Hooft coupling. But, 
from the field theory considerations, one expects the logarithmic behavior for small and 
intermediate coupling (|5]). One should assume non-large e v and therefore a' corrections 
should not be neglected, thus invalidating our solution. However, this is not the case. A 
more careful analysis reveals that our results depend only on the existence of an A0IS5 x 
MP 5 solution at infinite N. Now, since it is a common lore that a' corrections do not change 
the geometry of the space plj (namely, that M = 4 is described by an AdS 5 x S 5 metric at 
any coupling), the logarithmic running should not be affected. Moreover, there seem to be 
problems in the computation of the short-distance Wilson loop. First, the direct Wilson 
loop computation results into a value for the one-loop beta-function different from that 
obtained by the running dilaton recipe. This is actually related to a' corrections that, as in 
the M = 4 case 01 > are expected to affect the parameters, but not the qualitative picture. 
In addition, the string world-sheet "invades" also regions where e is not small. Namely, 
the holographic computation of the Wilson loop for a given quark anti-quark separation 
L requires that the metric be known everywhere throughout the range (u ~ l/£, 00). 
In order to avoid this problem and thus be able to trust our solution, the world-sheet 
should extend deeply inside AdS, and thus the potential (^) applies only to not too 
small quark anti-quark separations (i.e. our results are not valid in the extreme UV). 
Finally, the confining phase for long distances relies on the existence of a minimum for 
A(r). However, at r = r min the contribution of next-to-leading term Ai is of the same 
order as Ao- Thus, we can not exclude that higher order contributions could eliminate 
the minimum, but hopefully the only effect of higher corrections could be simply to shift 
r min . However, a definite answer to this problem requires an exact solution to the exact 
low-energy action. 
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